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Abstract
As generalizations of the original Volkov-Akulov action in four-dimensions,
actions are found for all space-time dimensions D invariant under N non-linear
realized global supersymmetries. We also give other such actions invariant under
the global non-linear supersymmetry. As an interesting consequence, we find a non-
linear supersymmetric Born-Infeld action for a non-Abelian gauge group for arbitrary
D and N , which coincides with the linearly supersymmetric Born-Infeld action in
D = 10 at the lowest order. For the gauge group U(N ) for M(atrix)-theory, this
model has N 2 -extended non-linear supersymmetries, so that its large N limit cor-
responds to the infinitely many (ℵ0) supersymmetries. We also perform a duality
transformation from Fµν into its Hodge dual Nµ1···µD−2 . We next point out that
any Chern-Simons action for any (super)groups has the non-linear supersymmetry
as a hidden symmetry. Subsequently, we present a superspace formulation for the
component results. We further find that as long as superspace supergravity is con-
sistent, this generalized Volkov-Akulov action can further accommodate such curved
superspace backgrounds with local supersymmetry, as a super p -brane action with
fermionic kappa-symmetry. We further elaborate these results to what we call ‘sim-
plified’ (Supersymmetry)2 -models, with both linear and non-linear representations
of supersymmetries in superspace at the same time. Our result gives a proof that
there is no restriction on D or N for global non-linear supersymmetry. We also
see that the non-linear realization of supersymmetry in ‘curved’ space-time can be
interpreted as ‘non-perturbative’ effect starting with the ‘flat’ space-time.
1This work is supported in part by NSF grant # PHY-93-41926.
2E-Mail: nishino@nscpmail.physics.umd.edu
1. Introduction
The study of non-linear supersymmetry realizations has a very long history dating to
the first effort by Volkov and Akulov [1], who gave the initial example of supersymmetry
in four-dimensions (D = 4). This initial work was further elaborated by its linearization
[2], and generalized to extended local supersymmetries in D = 4 [3]. The importance of
non-linear realizations of supersymmetry has been revealed in many different contexts. For
example, during the first revolution of string theory [4], there was strong motivation for
supersymmetrization [5] of the Born-Infeld action [6][7], and initial results were summarized
in [8] where the lower-order terms were explicitly and systematically presented.
The recent discovery of gauge-fixed supersymmetric Born-Infeld action in D ≤ 10 to all
orders [9] has drawn much attention in the context of D-brane dynamics [10][11][12][13][14] re-
lated to superstrings [4] and M-theory [15]. The non-Abelian generalization of these formula-
tions was also considered in [16]. In such a formulation, there is already non-linear realization
of supersymmetry, interpreted as the signal of ‘broken’ supersymmetry. In D = 4 formula-
tions, non-linear supersymmetry has been interpreted in terms of partially broken N = 2 su-
persymmetry [17], with Nambu-Goldstone (NG) multiplets. The relationship between the
non-linear and linear supersymmetry in superspace has been also studied in [18]. These
global supersymmetric systems have been further applied to the question of spontaneous
breaking of local supersymmetry (supergravity) [19].
Despite of these developments over the decades since 1970’s, however, including the recent
D-brane models, there still has been no universal guiding principle that can systematically
yield new invariant actions for non-linear realization of supersymmetry in arbitrary space-
time dimensions. This seems true also for the interpretation of non-linear realization as
‘broken’ supersymmetry [17]. On top of this, even though the original spirit of Volkov-
Akulov formulation of non-linear supersymmetry [1] was ‘off-shell’ without auxiliary fields
present and no physical superpartner fields in D = 4, this aspect has not been maintained
in many formulations recently presented. Perhaps one of the reasons is that D-brane theory
[10][13][9] necessitates the superpartner vector field for the gaugino.
In the case of linear realizations of supersymmetry, it is well-known that there are restric-
tions on the space-time dimensions D and the number N of extended supersymmetries,
such as N ≤ 8 in D = 4. However, very little has been stated about such restrictions on
D or N for extended supersymmetries in the case of non-linear realizations.
In this paper, we will take a step toward a universal understanding of non-linear real-
ization of supersymmetry in arbitrary dimensions. We will present simple actions that are
invariant under non-linearly realized supersymmetry. We also give some matter lagrangians
that are invariant under such global but non-linear supersymmetry. Such matter lagrangians
coupled to NG -fermion within D = 4 have been studied in many contexts of phenomenolog-
ical models [20], or non-linear realizations for extended supersymmetries [3]. We stress that
our result is valid in any space-time dimensions D as well as any number N of extended
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supersymmetries. We find results applicable to arbitrary non-linearly realized N -extended
supersymmetries, as long as the space-time allows the definition of spinor fields. As a by-
product, we also give a supersymmetric Born-Infeld action for an arbitrary non-Abelian gauge
group ∀D and ∀N . We also establish a superspace formulation for these component results,
whose geometrical significance is clearer than in a component formulation. We further give
the super p -brane [21] interpretation of some of these actions, on supergravity backgrounds.
This will be achieved by introducing the maximal-rank superpotential CA1···AD in an arbi-
trary even dimensions D = 2k, which was first formulated in the context of super eight-brane
[22]. Motivated by this, we also present a possible (Supersymmetry)2 -formulation [23], in
which the non-linear and linear realizations of supersymmetries coexist simultaneously within
the same superspace.
2. Non-Linear Realization of Supersymmetry
2.1 Generalized Volkov-Akulov Action
We first setup our supersymmetry transformation which is the starting point in this
paper. As mentioned above, there is no restriction on the space-time dimensions D in
our formulation, except that we have the usual signature (D − 1, 1) with the flat metric
(ηmn) = diag. (−,−, · · · ,−,+), with only one time coordinate. Our system initially has only
one NG -fermion, which may be Majorana, Weyl, Majorana-Weyl, or Dirac spinor. As will
be seen, there is no restriction on such spinorial property for our formulation.
The rule for a supersymmetry transformation of the NG -fermion is essentially the same
as those in [1] or [9], but we have to keep in mind that the space-time dimension D is
arbitrary:3
δQλ = ǫ+ i(ǫγ
µλ)∂µλ ≡ ǫ+ ξµ∂µλ , (2.1)
where the parameter ǫα of the supersymmetry generator Qα does not depend on space-
time coordinates xµ, since we are dealing only with global supersymmetry. The quantity
ξµ defined by45
ξµ ≡ i(ǫγµλ) = −iǫα(γµ)αβλβ , (2.2)
behaves like the parameter for general coordinate transformation. It is easy to see the closure
of supersymmetry on λ, as a routine check for consistency of the system:
⌊⌈ δQ(ǫ1), δQ(ǫ2) ⌋⌉λ = 2i(ǫ2γµǫ1)∂µλ = δP (2iǫ2γmǫ1)λ ≡ δP (ζm12)λ , (2.3)
3We do not introduce any dimensionful constants in this paper. We just put dimensionful constants like
the Planck constant to unity.
4Here the gamma-matrix γµ is the same as γmδm
µ. The usage of the index µ instead of m becomes
clearer shortly.
5Here the underlines for the indices α, β, ··· are for any additional indices for spinors, such as ‘dotted-ness’
for chiralities, or USp(N)-indices needed in some space-time dimensions D [24]. Accordingly, the γ-matrix
may also contain any relevant metric for such indices.
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where δP is the usual translation, and ζ
m
12 ≡ 2i(ǫ2γmǫ1), reflecting the underlying super-
symmetry algebra6
{Qα, Qβ} = 2(γm)αβPm , (2.4)
A fundamental observation is that the quantity defined by
Eµ
m ≡ δµm + i(λγm∂µλ) ≡ δµm + Λµm , (2.5)
transforms under δQ as
δQEµ
m = i(ǫγνλ)∂νEµ
m + i(ǫγν∂µλ)Eν
m
= ξν∂νEµ
m + (∂µξ
ν)Eν
m = δG(ξ
ρ)Eµ
m . (2.6)
This is a significant result, because it means that the field Eµ
m transforms under super-
symmetry, as if it were a vielbein transforming under the general coordinate transformation
δG with the parameter ξ
µ not only in D = 4 [1] but also in any space-time dimensions!
Now the advantage of using the two distinct sets of indices m, n, ··· and µ, ν, ··· on Eµm is
also clear: They respectively behave like the curved frame and local Lorentz frame indices.
Once this is understood, it is straightforward to confirm the invariance of the action
IE ≡
∫
dDx det (Eµ
m) ≡
∫
dDxE ≡
∫
dDxLE , E ≡ det (Eµm) , (2.7)
under the variation in (2.1), as a total divergence:7
δQLE = EEmµδQEµm = EEmµ [ ξν∂νEµm + (∂µξν)Eνm ] = ∂µ(Eξµ) . (2.8)
We can reconfirm this ‘formal’ proof by the direct variation with respect to the NG-fermion
whose details are to be skipped here.
As the λ -field equation or the original lagrangian (2.7) reveals, the action IE contains the
standard kinetic term for the NG -fermion, upon the expansion det (Eµ
m) ≈ 1+i(λγµ∂µλ)+
O(λ4). Therefore, the NG -fermion is regarded as a ‘physical’ field, also with self-interaction
terms that make our system highly non-trivial.
2.2 More Generalizations
As the reader may have already noticed, once the transformation rule of the vielbein is as
appears in (2.5), we can write other lagrangian densities constructed from the vielbein. For
example, we can write lagrangians in terms of the scalar curvature made up of the ‘metric’8
Gµν ≡ ηmnEµmEνn with its inverse metric Gµν : GµνGνρ = δµρ, such as the ‘Hilbert action’:
6The index for the N -extended supersymmetry can be implicit in the underlined indices. We will return
to this point later.
7The existence of the inverse vielbein Em
µ is taken for granted otherwise the action is ill-defined.
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IR ≡
∫
dDx
√−GR(G) ,
R(G) ≡ Gµν Rµν(G) , Rµν(G) ≡ Rµρνρ(G) ,
Rµνρ
σ(G) ≡ ∂µ
{
σ
νρ
}
− ∂ν
{
σ
µρ
}
−
{
τ
µρ
} {
σ
τν
}
+
{
τ
νρ
} {
σ
τµ
}
,{
ρ
µν
}
≡ 1
2
Gρσ(∂µGνσ + ∂νGµσ − ∂σGµν) , (2.9)
because Gµν transforms as
δQGµν = ξ
ρ∂ρGµν + (∂µξ
ρ)Gρν + (∂νξ
ρ)Gµρ = δG(ξ
ρ)Gµν , (2.10)
as if it were a ‘metric’ tensor. Accordingly, the curvature ‘tensors’ above transform as
δQRµνρ
σ(G) = δG(ξ
τ )Rµνρ
σ(G) ,
δQRµν(G) = δG(ξ
τ )Rµν(G) , δQR(G) = δG(ξ
τ )R(G) . (2.11)
In the case we need more ‘canonical’ kinetic term for the NG -fermion λ, we can simply
add the action IE (the analog of a ‘cosmological term’) to IR, so that a kinetic term for
the λ -field is present, while higher-order terms are regarded as interaction terms. In fact,
if the total action is IE + IR, the lowest-order term in IR is already at the fourth order in
λ as an interaction term.
Some readers may wonder if the Riemann or Ricci tensor built out of the metric Gµν ≡
ηmnEµ
mEν
n vanishes by the use of the λ -field equation. We show this is not the case, e.g.,
for the Ricci tensor
Rµν(G) = −2i[λ, ργρλ, µν − λ, (µ|γρλ, |ν)ρ − λ, ργ(µ|λ, |ν)ρ + λ, (µγν)λ, ρρ ] +O(λ4) . (2.12)
Here λ, µ ≡ ∂µλ, λ, µν ≡ ∂µ∂νλ, etc.9 Obviously, even though iγµ∂µλ ≈ O(λ3) by
the NG -fermion equation at the lowest order, there still remains non-vanishing component
even for the scalar curvature R(G). We can further elaborate our result, introducing more
higher-derivative lagrangians, such as (Rµνρ
σ(G))2, (Rµν(G))
2, or R(G)2, etc.
We stress here that the invariance of IE or IR relied only on the particular trans-
formation rule (2.1) of the vielbein, but did not use any property related to the space-time
dimensions, such as Fierz arrangements. This implies that the non-linear realizations of
supersymmetry should be valid in ∀D, where we can define a spinor field with the usual
kinetic term. In this context, the specific nature of the spinors (Weyl, Majorana, or Dirac)
does not matte.
9Since only lowest-order terms are under question here, the raising/lowering indices by the metric Gµν or
ηµν does not matter here.
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The generalization to extended supersymmetry is also straightforward, assigning an ex-
plicit N -supersymmetry index i on λi. Accordingly, (2.1) and (2.2) are now
δQλ
i = ǫi + ξµ∂µλ
i , ξµ ≡ i(ǫiγµλi) . (2.13)
If we suppress the explicit contraction index i as understood, then formally the same
equations as (2.4) through (2.9) follow, and there is no restriction on the value of N . We
have thus a non-linear realization of arbitrarily extended global supersymmetries.
Note that we are dealing with two different space-times, the a ‘flat’ space-time with
no gravity and with no curvature, while the other space-time has non-vanishing curvature
(2.12), in which we can define general coordinate transformations. Interestingly, the action
IE is invariant in both of these space-time simultaneously.
Our result applies even to D ≥ 12 for the invariant actions under non-linear supersym-
metry, including of course includes D = 12 of F-theory [25] or D = 13 of S-theory [26],
and so forth, as well as the M(atrix)-theory in D = 11 [27]. As a matter of fact, we will
see a more explicit link with the M(atrix)-theory [27] in section 3.3.
3. Matter Lagrangians
3.1 Bosonic Lagrangians
We have so far offered a possible meaning of our ‘vielbein’, only with the NG -fermion.
The next natural question is whether or not we can introduce other matter fields. In the case
of D = 4, we already know that such lagrangians are easily constructed [18][3][5]. However,
because of the latter applications to super p -branes, etc., we generalize these into ∀D and
∀N , even though such a generalization looks straightforward. We show that the answer to
this question is in the affirmative, i.e., we can introduce other matter fields, as long as our
general covariance δG is maintained.
First, we can show that the algebra of supersymmetry closes on the following scalars
ϕa, a non-Abelian gauge field Aµ
I , an n -th rank covariant tensor field Tµ1···µn with no
restriction on symmetry or antisymmetry:
δQϕ
a = i(ǫγµλ)∂µϕ
a = ξµ∂µϕ
a = δG(ξ
ρ)ϕa , (3.1a)
δQAµ
I = ξν∂νAµ
I + (∂µξ
ν)Aν
I = δG(ξ
ρ)Aµ
I , (3.1b)
δQTµ1···µn = ξ
ρ∂ρTµ1···µn + (∂µ1ξ
ρ)Tρµ2···µn + · · ·+ (∂µnξρ)Tµ1···µn−1ρ = δG(ξρ)Tµ1···µn . (3.1c)
Here and throughout this paper we use exactly the same ξµ as (2.1). We use the indices
a, b, ··· for an appropriate representation of a certain compact non-Abelian gauge group G for
the scalars, while I, J, ··· for the adjoint representation of G. Needless to say, if some of the
indices on the tensor are contravariant ones, we can change the signs of terms corresponding
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to those contravariant indices in (3.1c), following the usual textbook result. Interestingly, the
closure on the vector or tensors generates no gauge transformations as in (2.3), in addition
to the standard translation:
⌊⌈ δQ(ǫ1), δQ(ǫ2) ⌋⌉φ = δP (ζm12)φ , (3.2)
where φ is an arbitrary field in (3.1). This is another aspect of the non-linear supersymmetry
different from the linear supersymmetry, in which such gauge transformations are induced
in the commutator algebras [28].
The construction of some invariant ‘matter’ actions is now an easy task, as long as our
general covariance is maintained via Gµν or Eµ
m. A typical bosonic action is like
IB =
∫
dDx
√−G
[
+1
2
Gµν(Dµϕ
a)(Dνϕ
a)− 1
4
GµρGνσFµν
IFρσ
I
]
, (3.3)
where Dµϕ
a is the usual gauge covariant derivative Dµϕ
a ≡ ∂µϕa + AµI(T I)abϕb for
an appropriate representation of the generators T I of the gauge group G, and Fµν
I ≡
∂µAν
I−∂νAµI+f IJKAµJAνK is the usual field strength. These gauge covariant combinations
transform under δQ as
δQ(Dµϕ
a) = ξν∂ν(Dµϕ
a) + (∂µξ
ν)Dνϕ
a = δG(ξ
ρ)(Dµϕ
a) , (3.4a)
δQFµν
I = ξρ∂ρFµν
I + (∂µξ
ρ)Fρν
I + (∂νξ
ρ)Fµρ
I = δG(ξ
ρ)Fµν
I . (3.4b)
It is not a problem at all to generalize the action (3.3) to more sophisticated interactions. If
the above result is only for D = 4, it is nothing new [18][5][3][20], but our point here is that
these actions are valid for ∀N -extended supersymmetry in ∀D.
3.2 Non-Abelian Supersymmetric Born-Infeld Lagrangians
With these relations at hand, it is now straightforward even to supersymmetrize a Born-
Infeld lagrangian. This can be easily done, because the combination Hµν ≡ Gµν+Fµν for an
Abelian field strength Fµν transforms ‘covariantly’: δQHµν = δQ(Gµν + Fµν) = δG(ξ
ρ)Hµν ,
therefore the action10
ISBI ≡
∫
dDx [−det (Gµν + Fµν) ]1/2 =
∫
dDx [−det (Hµν) ]1/2 (3.5)
is invariant under supersymmetry: δQISBI = 0. This sort of supersymmetric Born-Infeld
lagrangian in particular dimensions, such as in D = 10 is nothing new [8][9], but our
lagrangian is valid for ∀D and ∀N .
It is not too difficult to generalize this result to the non-Abelian gauge group. Following
the non-supersymmetric non-Abelian Born-Infeld action in [16], we can easily postulate a
non-Abelian analog of the supersymmetric Born-Infeld action (3.5), as
INASBI =
∫
dDx STr
[
−det (GµνI + FµνIT I)
]1/2 ≡ ∫ dDx STr [−det (Hµν) ]1/2 , (3.6)
10We need the negative signs in the square roots, because det
(
ηmn
)
< 0.
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where the generators T I are in an appropriate matrix representation, and I in GµνI is
the unit matrix for such a representation. The determinant operation here is only for the
indices µν, but not for the group indices. The STr is the symmetrized trace defined by
STr (A1 · · ·An) ≡ (1/n!) Tr (A1 · · ·An + ‘all permutations’). Due to the δQ -transformation
property
δQHµν = δQ(GµνI + Fµν
IT I) = δG(ξ
ρ)Hµν , (3.7)
of the combination Hµν ≡ GµνI + FµνIT I , together with the property of STr, it is clear
that the action INASBI is invariant under δQ. As before, since INASBI is valid for
∀D and
∀N , our result is a generalization of [8][9], up to discrepancy in higher-order terms. In fact,
it is easy to see that the lowest-order terms in our (3.6) agree with those in [8][9].
Needless to say, we can also add the antisymmetric potential bµν to (3.5):
Hµν = Gµν + Fµν + bµν , (3.8)
while the standard kinetic term for its field strength Gµνρ ≡ 3∂⌊⌈µbνρ⌋⌉ is
Ib =
∫
dDx [ 1
12
√−GGµσGντ GρυGµνρGστυ ] , (3.9)
as in super D-branes [13]. In other words, there can be a general antisymmetric component
bµν for the ‘metric’ Gµν , maintaining the δQ -invariance as well as the b -field gauge
invariance: δαbµν = 2∂⌊⌈µαν⌋⌉. Adding further an appropriate minimal couplings of Aµ to
scalars like IB (3.3), there is no worry that the field strength Fµν is completely gauged
away in (3.8) by the field redefinition of bµν .
For the N -extended supersymmetry for N ≥ 2, we can introduce an SO(N) gauge
field Aµ
ij
(i, j, ··· = 1, 2 ,···, N) minimally coupled to λi, when all the components of λ are
Majorana spinors or (Majorana-)Weyl spinors in the same chirality. Such a vector field is
also subject to the ‘covariant’ transformation rule (3.1b). Relevantly, the derivative in (2.5)
is replaced by the covariant derivative Dµλ
i ≡ ∂µλi + Aµijλj :
Eµ
m = δµ
m + i(λiγmDµλ
i) . (3.10)
One important case is when i, j, ··· indices are adjoint ones I, J, ··· = 1, ···, dimG for
Dµλ
I ≡ ∂µλI + f IJKAµJλK :
Eµ
m = δµ
m + i(λIγmDµλ
I) . (3.11)
Then the lowest-order terms of our action (3.6) in D = 10 coincide with those in linearly
supersymmetric Born-Infeld action [9]. This seems to imply that our action (3.6) can be
of equal importance for the M(atrix)-theory [27] as the D-brane actions [10][11][12][13].11
11See, however, the recent development about subtlety at higher orders [29]. We do not get into these
details in this paper.
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Interestingly, the number N of extended supersymmetries in our formulation will be N =
dimG, e.g., N = N 2 for G = U(N ) used for M(atrix)-theory [27]. Therefore the usual
large N limit for U(N ) [27] corresponds to N = N 2 →∞, namely infinitely many (ℵ0)
extended supersymmetries in our formulation!
3.3 Fermionic Lagrangians
We can incorporate other fermionic fields rather easily, because we need only global
Lorentz invariance for our action, much like the case of general covariance, which is not
really present. In fact, we can show that the action12
IF =
∫
dDx i
2
EEm
µ(ψaγmDµψ
a) , (3.12)
for a fermion ψa is actually invariant under supersymmetry:
δQψ
a = i(ǫγµλ)∂µψ
a = ξµ∂µψ
a = δG(ξ
µ)ψa . (3.13)
We use the indices a, b, ··· for some appropriate representation of the group G that ψ be-
longs to, and Dµ is the gauge covariant derivative Dµψ
a ≡ ∂µψa + AµI(T I)abψb. The
invariance δQIF = 0 is due to the transformations
δQ(Dµψ
a) = ξν∂ν(Dµψ
a) + (∂µξ
ν)Dνψ
a = δG(ξ
ν)(Dµψ
a) , (3.14)
like a ‘general covariant vector’, with respect to the index µ. As in the case of λ, there is
no essential restriction on the property of the spinor ψ, such as Weyl, Majorana, Majorana-
Weyl, or Dirac spinor, with any additional group indices in arbitrary ∀D.
Once we have a fermionic field ψ, then we can modify (2.5) as
Eµ
m = δµ
m + i(λγm∂µλ) + i(ψ
aγmDµψ
a) , (3.15)
This is because (ψaγmDµψ
a) transforms as a ‘covariant vector’ with respect to the index
µ. Accordingly we have the alternative fermionic action
I ′E =
∫
dDx det
[
δµ
m + i(λγm∂µλ) + i(ψ
aγmDµψ
a)
]
. (3.16)
We have thus two actions in good contrast, I ′E for fermions, and INASBI for bosons.
3.4 Chern-Simons Lagrangians
Our results above have a wide range of applications. Since INASBI needs no explicit
‘metric’, but the GN -field forms a composite metric, the first interesting application is the
Chern-Simons action for an arbitrary (super)group in D = 2n+ 1 [30][31][32]:
12In order to avoid any misinterpretation, we always use Eµ
m or Em
µ explicitly in this paper, instead
of γµ ≡ γmEmµ, etc.
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ICS =
∫
MD
STr (
n︷ ︸︸ ︷
F ∧ F ∧ · · · ∧ F ∧A+ ‘Chern-Simons completion’) (3.17a)
=
∫
MD+1
STr ( F̂ ∧ F̂ · · · ∧ F̂︸ ︷︷ ︸
n+1
) , (3.17b)
to be added to the above actions: I ≡ ICS + INASBI + I ′E + IB. Here STr acts on fermionic
generators as an antisymmetrized trace, as a supergroup generalization of the symmetrized
trace for ordinary groups. In (3.17b), the hatted field strength F̂µˆνˆ is defined in the extended
space-time D + 1 = 2n + 2 with one additional Vainberg coordinate 0 ≤ y ≤ 1 [33][34]
with the indices (x̂µˆ) ≡ (x̂0, x̂1, · · · , x̂2n, x̂2n+1 ≡ y) ≡ (xµ, y) by
F̂µˆνˆ ≡ ∂̂µˆÂνˆ − ∂̂νˆÂµˆ + ⌊⌈Âµˆ, Âνˆ} ≡
{
F̂µν ≡ ∂µÂν − ∂νÂµ + ⌊⌈Âµ, Âν} ,
F̂yν ≡ ∂yÂν = −F̂νy ,
Âµ(x
ν , 1) ≡ Aµ(xν) , Âµ(xν , 0) = 0 , Ây = 0 , (3.18)
in such a way that the leading term (3.17a) is generated by the y -integration
∫ 1
0 dy [33].
The gauge group here can be even a supergroup, such as OSp(N |m) for Chern-Simons
supergravity in ∀D = 2n+1 [30][31][32]. Accordingly, the generators T I in (3.6) should be
those of the gauge (super)group under consideration. Due to our transformation rule (3.1b),
the invariance δQICS = 0 is clear.
The important point is that in the conventional Chern-Simons formulations including
those with supergroups [30][31][32], the introduction of additional ‘matter’ fields has been
problematic, because the kinetic terms of such matter fields need some ‘metrics’ or ‘vielbeins’.
However, since INASBI has no fundamental metric, it is compatible with such formulations
without a metric by construction. In this sense, the non-linear realization of supersymmetry
is more natural for Chern-Simons theories. Due to the minimal couplings in IF or IB, there
are still non-trivial interactions of the gauge fields to other ‘matter’ bosonic or fermionic
fields.
To put this differently, the important conclusion is that any Chern-Simons action (3.17)
formulated in ∀D = 2n + 1 for a (super)group is invariant under hidden global non-
linear supersymmetry dictated by (3.1b). Moreover, once the action IE (2.7) is added
to ICS, then the GN -field becomes physical, and the total action is no longer invariant
under arbitrary general coordinate transformations, so that the GN -fermion is no longer
gauged away. Therefore the global supersymmetry is not a superficial symmetry any longer
by the presence of IE. This has a very far-reaching conclusion, because any Chern-Simons
theory for a supergroup [30][31][32] except in D = 3 [35] has been supposed to have
no direct link with the Poincare´ supersymmetry with diffeomorphism, in particular in the
context of M-theory [31][36].13 This missing link has been a major drawback with the Chern-
Simons formulation [30][31][32] in the context of space-time supersymmetry. In other words,
13See, however, ref. [37] in which extended objects are introduced to Chern-Simons supergravity to study
such a direct link with Poincare´ supergravity.
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the non-linear representation of supersymmetry may well provide a ‘missing link’ between
Chern-Simons theory for supergroups [30][31][32] and space-time supergravity theories [38]
with diffeomorphism.
3.5 Generalized σ -Model Lagrangians
We can try even a more sophisticated example. Suppose we have a coset G/H , whose
coordinates are parametrized by the scalars ϕa. Now instead of Hµν in (3.5), we consider
Hµν ≡ Gµν + Fµν + gab(ϕ)(∂µϕa)(∂νϕb) , (3.19)
where g
ab
(ϕ) is the metric on this coset. Due to the transformation property of ∂µϕ
a under
δQ, it is clear that the action
Iσ =
∫
dDx
[
− det
{
Gµν + Fµν + gab(ϕ)(∂µϕ
a)(∂νϕ
b)
} ]1/2
, (3.20)
is invariant under δQ. As we easily see, the lowest order-term in the determinant contains
the same kinetic term for the scalars ϕa as the conventional σ -model. We can further add
some Wess-Zumino-Novikov-Witten (WZNW) term to Iσ, as an analog of WZNW-terms
used in D-brane theories [13][9][11].
3.6 Duality Transformation of Fµν into Nµ1···µD−2
As another interesting by-product, we mention the duality transformation [39] for the
field strength Fµν into Nµ1···µD−2 in
∀D. We can show this is not too difficult, even with
the general ‘metric tensor’ like that in (3.20). Such a duality transformation has been done
in D = 4 [40], but our formulation here is complimentary, applicable to ∀D 6= 4 and ∀N .
We start with the generalized supersymmetric Born-Infeld action
I ′SBI ≡
∫
dDx [−det (gµν + Fµν) ]1/2 , (3.21)
for an Abelian field strength Fµν . Here gµν can be any generalized metric containing any
fields other than Aµ or Fµν , e.g.,
g
µν
≡ Gµν + gab(ϕ)(∂µϕa)(∂νϕb) , (3.22)
in the case of (3.20). The crucial point here is that gµν should have no coupling to Aµ for
the duality transformation [39] to work.
The lagrangian (3.21) is not very convenient for duality transformations, because the
lowest-order term in F is not manifestly quadratic in F , is not manifest. In order to make
the F 2 -term more manifest, we first introduce the generalized vielbein
g
µν
= eµ
mηmneν
n . (3.23)
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Note that this eµ
m is more generalized than (2.5), and it contains at least the latter as a
part of it. Using such a vielbein, we see that
det (gµν + Fµν) = det [ eµ
m(δm
n + Fm
n)eνn]
= (det eµ
m) (det eνn)det (δm
n + Fm
n) = det (gµν) det (δm
n + Fm
n) , (3.24)
where as usual Fmn ≡ emµenνFµν , Fmn ≡ ηnrFmr, etc. Note also that the antisymmetry
F t = −F implies that
det (δm
n + Fm
n) = det (I + F ) = det {(I + F )t} = det (I − F )
= [ det (I + F ) det (I − F ) ]1/2 = [ det {(I + F )(I − F )} ]1/2
= [ det (I − F 2) ]1/2 = [ det {δmn − (F 2)mn} ]1/2 , (3.25)
with (F 2)m
n ≡ FmrFrn. Hence (3.21) is equivalent to
I ′SBI =
∫
dDx
√−g [ det {δmn − (F 2)mn} ]1/4 , (3.26)
where g ≡ det (gµν) and the F 2 -term is now manifest.
We next ‘linearize’ the determinant operation, in such a way that the F 2 -term is involved
only as a quadratic term, by introducing a symmetric matrix auxiliary field Pm
n:
I ′SBI =
∫
dDx a
√−g
[
cP 1/4 + P 1/4(P−1)m
n{δnm − (F 2)nm}
]
, (3.27)
where P ≡ det (Pmn), and the constants a and c are
a = 1
4
, c = 4−D , (3.28)
in order to get the normalized algebraic field equation for Pm
n:
Pm
n = δm
n − (F 2)mn . (3.29)
Here the matrix multiplication for F 2 is done with the local Lorentz indices m, n, ···.
By these preliminaries, it is now easy to perform the duality transformation [39] from
Fµν into Nµ1···mD−2 . As usual, we introduce the lagrange multiplier potential Mµ1···µD−3 into
a constraint action, so that the total action is now
I ′′SBI =
∫
dDx
[
ac
√−gP 1/4 + a√−gP 1/4(P−1)mn{δnm − (F̂ 2)nm}
+ 2
(D−1)!ǫ
νρσµ1···µD−3Mµ1···µD−3∂νF̂ρσ
]
(3.30a)
=
∫
dDx
[
ac
√−gP 1/4 + a√−gP 1/4(P−1)mn{δnm − (F̂ 2)nm}
− 2
(D−2)!ǫ
µ1···µD−2ρσNµ1···µD−2F̂ρσ
]
. (3.30b)
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Here F̂µν is no longer a field strength of Aµ, but is regarded as an independent field variable
[39], while Nµ1···µD−2 ≡ (D − 2)∂⌊⌈µ1Mµ2···µD−2⌋⌉. The constraint term at the end of (3.30a)
forces the Bianchi identity for F̂µν for consistency. Our next step is to obtain the algebraic
field equation of F̂µν , as
δ
δF̂µν
I ′′SBI = Q
µρF̂ρ
ν + F̂ µρQρ
ν − 2N˜ µν = 0 , (3.31)
where
Qµ
ν ≡ P 1/4(P−1)µν ≡ P 1/4eµmenν(P−1)mn , (3.32)
and
N˜ µν ≡ 1√−g 1(D−2)!ǫµνρ1···ρD−2Nρ1···ρD−2 . (3.33)
The field equation (3.31) is conveniently expressed as a D ×D matrix equation
{Q, F̂}mn = 2N˜ mn . (3.34)
In order to solve (3.34) for F̂ in terms of P and N˜ , we split Q into Q = I − 2q,
and get the solution as an infinite series in terms of q:
F̂ =
∞∑
r=0
r∑
s=0
( r
s
)
qsN˜ qr−s =
∞∑
r=0
r∑
s=0
1
2r
( r
s
)
(I −Q)sN˜ (I −Q)r−s . (3.35)
Even though this is an infinite series, it is a closed form, starting with the lowest-order term
F̂ µν = N˜ µν +O(q), as desired. Our final step is to substitute (3.35) into (3.30b), in order to
eliminate F̂ . After this, all the F̂ -terms are replaced by its dual Nµ1···µD−2 , and thus we
have achieved the duality transformation on a generalized metric (3.23).
Eq. (3.28) indicates that the case of D = 4 is exceptional or singular. This is because
the original field strength and its Hodge-dual have the same rank. This seems also related to
the possible SL(2, IR) duality invariance between these two field strengths [40]. Other than
this exceptional case of D = 4, our action is still superinvariant, because of the ‘general
coordinate invariance’ valid in ∀D 6= 4 and ∀N .
4. Superspace Formulations
4.1 Second and Third-Rank Superfield Strengths
Once we have understood the component formulation of the non-linear realization of
supersymmetry, our next question is how to re-formulate the same results in superspace
[41]. This is a non-trivial question, because even though we know that such a formulation
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is definitely possible in D = 4 with auxiliary fields [17], or without auxiliary fields in
D = 10 [9], D = 6 or D = 7 [12], it is no longer trivial that we can repeat it in
arbitrary space-time dimensions ∀D. In particular, it is no longer automatic that superspace
Bianchi identities [41]are satisfied, when supersymmetry is realized non-linearly. This is due
to possible ‘extra’ symmetries present in the system, that prevent us from formulating the
component results in superspace [35].
We answer this question, by the actual investigation of conventional superspace Bianchi
identities [41]. As the first non-trivial example, we study the Bianchi identity14
∇⌊⌈AFBC)I − T⌊⌈AB|DFD|C)I ≡ 0 , (4.1)
for the superfield strength FAB
I of a non-Abelian gauge vector superpotential AA
I , corre-
sponding to (3.1b).
Our superspace constraints are summarized as
Tαβ
c = −2i(γc)αβ , (4.2a)
∇αλβ = −δαβ + i(γc)αγλγ∇cλβ ≡ −δαβ − i(γcλ)α∇cλβ , (4.2b)
Fαb
I = +i(γc)βγ λ
γ Fcb
I ≡ −i(γcλ)αFcbI = −PαaFabI , (4.2c)
Fαβ
I = −1
2
(γaλ)(α (γ
aλ)β)Fab
I = +Pα
aPβ
bFab
I , Pα
b ≡ i(γbλ)α . (4.2d)
There is no a priori restriction on D here.15 The most important constraint is (4.2d),
which is similar to the postulates given in [42][8] in D = 10 as a special case of D. This
is because Fαβ
I can be rewritten as
Fαβ
I = − 1
16
(γc)αβ (λγ
abcλ)Fab
I + 1
1920
(γc1···c5)αβ (λγ
aγc1···c5γbλ)FabI , (4.3)
in terms of undotted chiral indices in D = 10 after Fierzing, where the second term has
been suggested in [42][8]. For an arbitrary space-time dimension D, we keep the original
form (4.2d), because forms like (4.3) needs Fierzing depending on D.
The confirmation of Bianchi identities (4.1) goes in a way similar to the conventional
case, once we know the structure of Fαβ
I . However, there are also important differences.
For example, it turns out to be easier to proceed the conformation of Bianchi identities from
the highest mass dimension two (d = 2) to the lowest d = 1/2 backward, as opposed
to the conventional case, where the lowest-dimensional one is the simplest. The reason for
14In this section of superspace, we use the indices A = (a,α), B = (b,β), ··· for superspace coordinates. The
underlined spinorial indices α, β, ··· include any possible implicit indices such as ‘dottedness’ for chiralities,
or some USp(N) indices needed for extended supersymmetry, depending on D [24]. Our symmetrizations
in this section are not normalized, i.e., M⌊⌈ANB) ≡MA ∓NB.
15Depending on D, we have to switch between the antisymmetry and symmetry of the metric tensor for
spinorial indices [24]. For such cases, we need to switch some signs for contracted indices in the constraints
here, but the basic structure is still universal.
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this is that the lowest dimensional constraint (4.2c) is more involved than the higher ones.
Another important aspect of this system is that the Bianchi identities with these constraints
do not yield any field equation for the NG -fermion λ. This is natural, because as we saw in
component results, the transformation rule for λ is independent of the choice of the total
action, e.g., IE versus IE + IR, etc., namely the system of non-linear supersymmetry is
essentially ‘off-shell’.
Another instructive example is the third-rank superfield strength GABC , satisfying the
Bianchi identity
1
6
∇⌊⌈AGBCD) − 14T⌊⌈AB|EGE|CD) ≡ 0 . (4.4)
Our superspace constraints are
Gαbc = −PαaGabc , Gαβc = −i(γc)αβ + PαaPβbGabc , (4.5a)
Gαβγ = −PαaPβbPγcGabc , (4.5b)
in addition to (4.2a) and (4.2b).
Note the interesting patterns of involvement of the factor Pα
b in (4.5) as well as (4.2),
namely all the spinorial index α, β, ··· in the superfields are converted into the bosonic ones
a, b, ··· by the factor Pαa. By reading these patterns, it is easy to generalize these results
to more higher-rank superfield strengths. The role of such a factor has been noted, e.g., in
D = 6 [12], but our point is that our constraints are valid for ∀D and ∀N . Even though
we skip the details for these higher-rank superfield strengths in this paper, the geometrical
structure of this superspace formulation is much clearer than component formulation. In
the next subsection, we address ourselves to the question of coupling to curved superspace
backgrounds with supergravity, based on this particular role for the factor Pα
b.
4.2 Super (2k − 1) -Brane Interpretations16
As the pattern of the factor Pα
a suggests, all of the effects of the GN -fermions can be re-
interpreted as part of the vielbein superfields. For example, the first form (2.5) of Eµ
m sug-
gests that the GN -fermion can be interpreted as nothing else than the Θ-coordinates in flat
superspace, as has been also pointed out by several authors [13][12][9][18] for special cases
of D = 10 [9], D = 6, D = 7 [12], or D = 4 [18]. In our paper, we generalize this
feature to more general dimensions, because this process seems imperative, if we also want to
introduce ‘curved’ backgrounds with supergravity, and we need to consider more geometrical
superspace formulation.
If this scenario really works in more general dimensions, we must have the geometric
structure of a base manifold and a target superspace at the same time, as special cases
[9][12] indicate. Accordingly, we must have an analog of Green-Schwarz type super p -brane
action [21] in which the base manifold (world-supervolume) and the bosonic coordinates
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in the target superspace have the same dimensions, with appropriate so-called fermionic
κ -symmetry [43][21]. Such a formulation can accommodate ‘curved’ superspace supergravity
backgrounds, whose classical superfield equations can be satisfied, only when the action has
the κ -invariance. The subtlety here is that there are two bosonic coordinates involved both
for the world-supervolume and the target superspace with the same dimensionality, so that
we need to avoid the confusion between them. This spirit of having the same dimensionality
both for the world-supervolume and the target space-time was also presented in the context
of doubly-supersymmetric p -branes or L-branes [44], or superembeddings [45][14].
There has already been a general formulation for such a Green-Schwarz σ -model action
in general even dimensions D = 2k in [22] in which the D = 2k -th rank antisymmetric
potential superfield CA1···AD is introduced, as one more generalization of super p -branes in
[21], and its κ -invariance has been confirmed. As a matter of fact, the generalized Volkov-
Akulov action IE (2.7) with the determinant form of Eµ
m already suggests the involvement
of such maximally-ranked CA1···AD -superfield. In ref. [22], we have seen that a similar
putative Green-Schwarz action in odd dimensions D = 2k− 1 instead of D = 2k leads to
a trivial κ -symmetry, due to the absence of chirality projection γ -matrix like γ5.
Following the results in [22], our (2k − 1) -brane action in general D = 2k -dimensions
should be
SGS =
∫
d2kσ
[
+ 1
2
√−ggijη
ab
Πi
aΠj
b − (k − 1)√−g
+ 1
(2k)!
ǫi1···i2kΠi1
A1 · · ·Πi2kA2kCA2k···A1
]
, (4.6)
where i, j, ··· = 0, 1, 2, ···, D−1 = 2k−1 are the curved indices for the world-supervolume with
the coordinates σi and the metric g
ij
, while Πi
A ≡ (∂iZM)EMA are the ordinary pull-
backs from the target superspace with the coordinates (ZM) ≡ (Xm,Θµ) into the world-
supervolume. The superpotential CA1···A2k has its superfield strength HA1···A2k+1 , satisfying
the Bianchi identities
1
(2k+1)!
∇⌊⌈A1HA2···A2k+2) − 12[(2k)!]T⌊⌈A1A2|BHB|A3···A2k+2) ≡ 0 , (4.7)
while the supertorsion satisfies the T -Bianchi identities [41]
∇⌊⌈ATBC)D − T⌊⌈AB|ETE|C)D − 12R⌊⌈AB|ef (Mf e)|C)D ≡ 0 . (4.8)
The H -Bianchi identities (4.7) at mass dimensions d = 1/2 and 1 [22] require the
conditions:
T(αβ|
ǫHǫ|γ)d1···dD−1 = 0 , T⌊⌈c1|(α|
δHδ|β)|c2···cD⌋⌉ = 0 . (4.9)
There are of course other Bianchi identities satisfied by other superfield strength, depending
on the supergravity multiplet for a given D and N , e.g., the fourth-rank superfield strength
FABC for D = 10, N = 2A, that we do not present here explicitly.
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The superspace constraints at mass dimension d = 0 relevant to our κ -transformation
below are
Tαβ
c = −2i(γc)αβ , (4.10a)
Hαβc1···c2k−1 = +i(γc1···c2k−1γ2k+1)αβ , (4.10b)
where γ
2k+1
is an analog of γ5 in D = 4, and all other independent components in
HA1···A2k+1 are zero [22].
Even though our superspace constraints (4.10) look so simple, we can accommodate all
the curved supergravity effects in the system, such as the gravitino Ea
β ≈ ψaβ, as long as
the H - and T -Bianchi identities above, as well as those for other superfield strengths are
satisfied, with curved supertorsions, supercurvatures and superfield strengths.
As an important note to avoid confusion, we no longer use the flat case constraints (4.2b)
- (4.2d), (4.5), once we have introduced the Green-Schwarz action. They will be recovered,
though, when we consider the special flat superspace limit we mention shortly.
It is easy to see that SGS has the κ -invariance under
δκE
α = 1
2
(I + Γ)αβ κ
β , δκE
a = 0 , (4.11a)
Γαβ ≡ (−1)(k−1)(2k+1)/2(2k)!√−g ǫi1···i2kΠi1a1 · · ·Πi2ka2k(γa1···a2k)
α
β = (γ2k+1)
α
β , (4.11b)
following ref. [22], whose details we do not repeat here. As in [22], the field equation of g
ij
g
ij
= η
ab
Πi
aΠj
b , (4.12)
is algebraic, so we do not have to worry about its variation under δκ.
In order to go back to ‘flat’ superspace, we perform the identifications Θα ≡ λα, Xm ≡
σi,17 so that SGS coincides with the generalized Volkov-Akulov action (2.7), after eliminating
g
ij
by its algebraic field equation (4.12). In fact, the Π’s coincides with the E’s in (2.5):
Πi
a → δia + i(Θγa∂iΘ) ≡ δia + i(λγa∂iλ) , Πiα → ∂iΘα ≡ ∂iλα . (4.13)
In other words, in the flat target superspace, the fermionic coordinates are nothing else
than the GN -fermions [9][12]. On the other hand, the κ -transformation stays formally
the same as (4.11), except that we no longer have e.g., the gravitino in the target super-
space: Ea
β| ≈ ψaβ → 0. Accordingly, our previous flat space constraints (4.2b) - (4.2d)
or (4.5) will be recovered, due to the identification Θ ≈ λ in the superspace vielbeins
Em
a [41]. Finally, the WZNW-term in (4.6) is shown to be equivalent to
√−g, as follows:
First, we can identify Ca1···a2k ≈ ǫa1···a2kC(Z) with a scalar superfield C(Z). Second, due
to Hαb1···b2k = 0, we can set C(Z) = const. Hence the WZNW-term is proportional to
[(2k)!]−1ǫi1···i2kǫa1···a2kΠi1
a1 · · ·Πi2ka2k = det (Πia) =
√−g.
17This identification makes sense, because the dimension of the σi’s and that of Xm’s coincide.
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The introduction of the U(1) field strength Fij ≡ ∂iAj − ∂jAi with the fundamental
vector Ai on the world-supervolume is not difficult. For this purpose, we modify SGS as
S ′GS =
∫
d2kσ
[
1
2
√
−g˜ g˜ ij(ηabΠiaΠjb + Fij)− (k − 1)
√
−g˜
+ 1
(2k)!
ǫi1···i2kΠi1
A1 · · ·Πi2kA2kCA2k···A1
]
, (4.14)
where g˜
ij
is an auxiliary field both with symmetric and antisymmetric components, playing
a role of a ‘generalized’ metric, and g˜ ij is its inverse with g˜ ≡ det (g˜
ij
). Since the field
equation of g˜
ij
is algebraic:
g˜
ij
= ηabΠi
aΠj
b + Fij , (4.15)
we can eliminate g˜ ij to get the D-p-brane type action [13][9][12][14]
S ′GS →
∫
d2kσ
[
{− det (ηabΠiaΠjb + Fij)}1/2 + 1(2k)!ǫi1···i2kΠi1A1 · · ·Πi2kA2kCA2k···A1
]
, (4.16)
also with the last WZNW-term. The S ′GS has the κ -invariance under (4.11) and δκAi = 0,
as is easily confirmed. We repeat here that these actions are valid not only in D = 10 like
type IIA or IIB superstrings [11][12][9][14], but also in any arbitrary even dimensions D =
2k where we can build supergravity backgrounds consistently in superspace [22].18
In this section, we have shown how to accommodate curved supergravity backgrounds
into our system, and in particular, we have seen how the generalized Volkov-Akulov action
(2.7) can be interpreted as a special case of Green-Schwarz super (2k − 1) -brane action in
general D = 2k dimensions. At the point of introducing supergravity backgrounds, we
lose the universality on D, due to the satisfaction of T -Bianchi identities, which needs
consistent supergravity constraints. To put this differently, we have seen in this section that,
when the background superspace is flat, supersymmetry is global and non-linear, with no
restriction on D or N , and we can always define Green-Schwarz super p -brane actions.
However, when superspace is curved with supergravity with Lorentz covariance, there is a
restriction, such as D ≤ 11 by the ordinary Bianchi identities for the curved backgrounds.
4.3 Simplified (Supersymmetry)2 -Models
The degeneracy of the dimensionalities between the target space-time and the world-
supervolume suggests some formulation similar to what is called (Supersymmetry)2 -models
[23]. Namely we expect two kinds of supersymmetries realized simultaneously in the target
space-time and the world-supervolume.19 In this sub-section, we show that such a for-
mulation indeed makes sense in general superspace, with the simplification that these two
18This allows us to even beyond D = 2k ≥ 12 [46], if we can give up Lorentz covariance.
19Similar formulation was also presented for L-brane models [44], in which various off-shell field strengths
dual to scalars or vectors on the world-supervolume are introduced.
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supersymmetries are realized within the same space-time dimensions. Such a sharing of the
common space-time is possible, because of the degeneracy of the dimensionalities between
the base and target space-time. Accordingly, we have only one set of superspace coordinates
(ZM) ≡ (xm, θµ), which we temporarily call ‘simplified’ (Supersymmetry)2 -model.20
Our starting point is to postulate the superspace analog of our component vielbein (2.5)
by
EM
a = E
(0)
M
a + (−1)M i(Λγa∂MΛ) ≡ E(0)M a + (−1)M iΛβ(γa)βγ∂MΛγ , (4.17a)
EM
α = E
(0)
M
α = δM
α . (4.17b)
Here E
(0)
M
A is the ordinary flat superspace vielbein [41]:
(E
(0)
M
A) ≡
(
δm
a O
−i(γaθ)µ δµα
)
, (E
(0)
A
M) ≡
(
δa
m O
+i(γmθ)α δα
µ
)
. (4.18)
The form for EM
a in (4.17a) is a simple generalization of (2.5) into superspace, while there
might be an additional term like ∂MΛ
α in (4.17b), which is excluded here just for simplicity.
The Grassmann parity (−1)M is needed in (4.17a), because of the contracted spinorial
indices on Λ. The Λα in (4.17) is a spinor superfield, whose non-linear supersymmetry
transformation rule is
δQΛ
α = ǫα + ξM∂MΛ
α , (4.19)
where
ξm = i(ǫγmΛ) , ξµ = 0 . (4.20)
Here as in component case, γm ≡ δamγa, while we avoid the usage of γm ≡ Eamγa.
We can also obtain the inverse matrix components perturbatively for EA
M , as
EA
m = E
(0)
A
m − (−1)Ai(ΛγmDAΛ) +O(Λ4) , (4.21a)
EA
µ = δA
µ , (4.21b)
up to O(Λ4) -terms ignored compared with the O(Λ0) -terms. Note the absence of
Λ-dependent terms in (4.21b), which is confirmed to all orders by the general method to get
an inverse of a supermatrix [38].
We can easily show that (4.19) induces the supersymmetry transformation of the vielbeins
δQEM
A = ξN∂NEM
A + (∂Mξ
N)EN
A , δQEA
M = ξN∂NEA
M − EAN(∂NξM) , (4.22)
20We can in principle elaborate this formulation by introducing the second set of coordinates (x′m, θ′µ),
in order to distinguish the base and target space-times, but we skip such a formulation in this paper.
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due to the restriction (4.20). Here we can confirm (4.22b) only up to O(Λ3) -terms because
of the ignored terms in (4.21). Eq. (4.22) implies nothing else than the general coordinate
transformation of the vielbein in superspace [41].
When we consider some other superfields, such as a real scalar superfield Φ, its super-
symmetry transformation rule is
δQΦ = ξ
N∂NΦ = δG(ξ
M)Φ , (4.23)
to comply with (4.21). It is not difficult to show that the commutator of two such non-linear
supersymmetries on Λα or Φ induces the desirable translations:
⌊⌈ δQ(ǫ1), δQ(ǫ2) ⌋⌉ = +δP (ζa12) , (4.24)
with ζa12 ≡ +2i(ǫ2γaǫ1) like the component case (2.3).
Note that since we are dealing with superspace, we have an additional manifest linear
supersymmetry δQ′ dictated by [41]
δQ′Λ
α = −ǫ ′βD(0)β Λα , δQ′Φ = −ǫ ′βD(0)β Φ , (4.25)
with D
(0)
A ≡ E(0)A M∂M . The commutator of two such linear supersymmetries induces the
familiar translation operator:
⌊⌈ δQ′(ǫ ′1), δQ′(ǫ ′2) ⌋⌉ = +δP (ζ ′a12) , (4.26)
where ζ ′a12 ≡ +2i(ǫ ′2γaǫ ′1) similarly to our non-linear supersymmetry (2.3). Interestingly,
by simple commutator computation on Λα and Φ, we see that these two sorts of super-
symmetries are commuting each other:
⌊⌈ δQ(ǫ), δQ′(ǫ ′)⌋⌉ = 0 , (4.27)
as desired, with no interference.
Having seen the existence of two sorts of supersymmetries, a natural question is whether
or not these two supersymmetries are equivalent to each other after all, and if not, how the
usual theorem about maximal number of supersymmetries [47][48] in each space-time dimen-
sion can be avoided? Our answer to the first question is that these two supersymmetries are
not equivalent to each other connected by super Weyl rescaling (field redefinitions), because
the vielbeins (4.17) for the supersymmetry δQ gives geometry in superspace different from
the ‘flat’ one δQ′. As for the second question, we understand that the usual argument on
maximal number of supersymmetries is based on the ‘linear’ representation that mixes physi-
cal fields with helicity differences of 1/2. Since the non-linear representation does not shuffles
such helicities, the usual restriction on the maximal number of extended supersymmetries
seems to be avoided here. This is the reason why we can set up two different supersymmetries
at the same time, as a (Supersymmetry)2 -model.
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We can also postulate a possible action as a superspace generalization of IE in (2.7):
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IE ≡
∫
dDxdN˜ θ sdet (EM
A) ≡
∫
dDxdN˜ θ E−1 , (4.28)
where N˜ ≡ 2[D/2]N is the number of the θ -coordinates for ∀N supersymmetry in ∀D,
counting each component of a Majorana spinor as unity. However, we immediately notice
that such an action will produce higher-derivative terms, as the mass dimension of the
θ -integral indicates, as usual in superspace [41]. In fact, the superdeterminant is expanded
as
E−1 = 1 + i(ΛγaDaΛ) +O(Λ4) , (4.29)
with Da ≡ EaM∂M . As a simple dimensional analysis reveals, some of the component fields
in Λα have higher-order derivatives in their kinetic terms.
In order to overcome this problem, we propose two models. The first one is to introduce
some ‘spurion’ scalar superfields [49] Φ that is to be inserted into the above lagrangian:
IEΦ =
∫
dDxdN˜ θ E−1Φ =
∫
dDx [ id0(λγ
aDaλ) +O(Λ4) ] , (4.30)
with
Φ = θN˜ d0 , (4.31)
where d0 6= 0 is an analog of the D -component in D = 4 for the highest sector
component field of Φ, and we identify Λ| ≡ λ. The kinetic term in (4.30) is physical
with no negative energy ghosts or higher-derivatives involved. Even though this first model
has the drawback due to the explicit breaking of both supersymmetries, it may still be of
some mathematical interest, because of the co-existence of two sorts of supersymmetries.
We expect more improved models to be developed in order to avoid such explicit breakings.
Our second model is much more advanced. We introduce a constraint action with a
Lagrange multiplier superfield LαMβN for a bilinear combination of Λα [50]:
ILΛ2 ≡
∫
dDxdN˜ θ 1
2
E−1Lαaβb(DbΛβ)(DaΛα) , (4.32)
where L has no (anti)symmetry other than Lαaβb = −Lβbαa. Accordingly, the L transforms
in the standard fashion:
δQL
αaβb = ξM∂ML
αaβb = δG(ξ
M)Lαaβb ,
δQ′L
αaβb = −ǫ ′γD(0)γ Lαaβb , (4.33)
21To comply with the superspace notation in [41], we use E ≡ sdet (EAM) with the inverse power
compared with our component convention.
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so that the total action I ≡ IE+ILΛ2 is invariant under both δQ and δQ′. Notice here that
the derivative in ILΛ2 deletes the effect of the inhomogeneous term in the transformation
of Λ (4.19). Clearly, the superfield equation for L from the total action I implies the
vanishing of DaΛα:
δ
δLαaβb
I = (DbΛβ)(DaΛα) = 0 =⇒ DaΛα = 0 , (4.34)
because all the indices a, α, b, β are free. This superfield equation preserves both the non-
linear δQ and linear δQ′ supersymmetries. In particular, the effect of the inhomogeneous
term in (4.19) disappears under the derivative. On the other hand, the Λ-superfield equation
is
δ
δΛα
I = E−1(−1)M
(
δEM
β
δΛα
) [
Eβ
M + 1
2
Eβ
MLγcδd(DdΛδ)(DcΛδ)
]
−Da(E−1LαaβbDbΛβ) +O(Λ5) . (4.35)
Since DaΛα = 0 on-shell, each term in (4.35) vanishes, and there arises no problem of
higher-derivative kinetic term for Λ. As usual in this sort of formulation, Lαaβb does
not enter any superfield equations effectively, once (4.34) is satisfied. Even if we add other
‘matter’ actions to the above total action I, the NG-fermion is ‘frozen’ with no dynamics.
The effective disappearance of the multiplier Lαaβb from the set of physical field equations
suggests the existence of appropriate gauge transformation that can eliminate Lαaβb [50].
In fact, it is easy to show that the total action I = IE+ILΛ2 is invariant up to O(Λ4) -terms
under the local η -symmetry:
δηΛα = η
bDbΛα ,
δηL
αaβb = [ 2iηa(γb)αβ − (Dcηa)Lβbαc + 12Dc(ηcLαaβb) ]− (αa↔βb)+O(Λ2) , (4.36)
where ηa is a local vectorial parameter.
This second model (4.32) with the constraint action ILΛ2 is more complicated than
the first one (4.30), due to the supersymmetric invariance maintained at the action as well
as the superfield equation level. Similarly to the component case in section 2 for ordinary
space-time, the co-existence of two sorts of superspaces is common to these two models,
one with the usual flat superspace metric, and the other with non-vanishing curvature with
non-trivial vielbeins. To our knowledge, these models here are the first examples of this kind
with the realization of two different supersymmetries at the same time. In particular, in the
second model, both of them are exact at the action level.
We draw readers’ attention to the point that our formulation with the unbroken non-
linear supersymmetry is distinguished from other formulations with the non-linear realization
as a manifestation of spontaneously ‘broken’ linear supersymmetry, such as in refs. [17][18].
The interesting aspect of our formulation is that both non-linear and linear supersymmetries
coexist in superspace with no mutual inconsistency, that was not emphasized before.
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5. Concluding Remarks
In this paper we have first studied non-linear realization of ∀N -extended global super-
symmetry in arbitrary dimensions D, and we have given actions invariant under non-linear
supersymmetry transformations. These actions and transformations are valid in arbitrary
dimensions D and for arbitrary N , including of course D ≥ 12, or N ≥ 9 in D = 4.
This is because the vielbein field (2.5) transforms like the general coordinate transformation
with the parameter ξµ ≡ i(ǫγµλ) under the non-linear supersymmetry, even though super-
symmetry is global. The action IE has non-trivial features, because of the kinetic term of
the NG -fermion, with infinitely many interaction terms, despite of its superficially simple
form. Even though it seems almost straightforward to generalize the original VA action [1]
to ∀D and ∀N , these generalizations will be of importance for later sections.
These formulation have no need for the bosonic superpartner fields that are indispensable
in other formulations, such as in [17], independent of D or N . This feature is very
similar to the original model by Volkov-Akulov [1] with the single NG -fermion. Reviewing
also the transformation rule given in [9], we notice that the vector field does not enter the
transformation rule of the NG -fermion, and this signals the decoupling of the vector field
from the NG -fermion system. From this viewpoint, it is natural that such a vector field
can be completely decoupled from the NG -fermion system, in some choice of frame without
spoiling global supersymmetry.
For linear representation of supersymmetry, interacting models are possible only D ≤ 11,
unless Lorentz symmetry is broken, such as in those formulations in [46]. Therefore it has
been believed that any putative interacting supersymmetric model in D ≥ 12 with Lorentz
covariance is ‘doomed’ to fail. The result in this paper have broken this ‘taboo’, namely
we have seen that it is certainly possible to formulate global non-linear supersymmetry in
D ≥ 12, as long as spinor fields can be defined. In other words, global supersymmetry and
Lorentz symmetry can co-exist for any given D and N , only at the expense of the linear
realization of local supersymmetry. We now know that interacting models with non-linear
realization of global supersymmetries are possible even for N ≥ 9 in D = 4, or N ≥ 2 in
D = 11, or in D ≥ 12. Since the non-linear realization of supersymmetry is possible even
in D ≥ 12 with global Lorentz symmetry, we do not take the standpoint that non-linear
supersymmetry is a reflection of ‘broken’ supersymmetries [17].
Although it emerged just as an interesting by-product, the supersymmetric Born-Infeld
action for a non-Abelian gauge group for ∀D and ∀N we gave is a new result in this paper.
Like other actions, this action also has non-trivial but consistent interactions with the NG -
fermion, and it agrees in the special case of D = 10 with the result in [9] for the lowest-order
terms. When the NG-fermion carries the adjoint index of the non-Abelian group, the lowest-
order terms of our Born-Infeld action (3.6) coincide with those in the linearly supersymmetric
action [9] in D = 10. This seems to imply that our Born-Infeld action (3.6) provides an
equally important foundation for the M(atrix)-theory [27] as the linearly supersymmetric
Born-Infeld action [9] for D-branes [10][11][12][14], up to some recently-discovered subtlety
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at higher orders [29]. Interestingly enough, since we have dimG -extended supersymmetry,
the usual large N limit for G = U(N ) [27] corresponds to N = N 2 →∞, i.e., infinitely
many (ℵ0) extended supersymmetry limit for our non-linear realization.
Additionally, we have shown how to perform duality transformation from an Abelian field
strength Fµν in a Born-Infeld (type) action into its Hodge-dual field strength Nµ1···µD−2 in
∀D 6= 4 and ∀N , excluding the case of D = 4, in which certain subtlety arises related to
the SL(2, IR) duality [40].
As another important application, we have pointed out that our supersymmetric Born-
Infeld action INASBI is a suitable ‘matter’ action compatible with Chern-Simons actions, in
which there is no fundamental metric from the outset. The gauge groups can be even
a supergroup such as OSp(N |m), etc. Another important aspect is the fact that any
Chern-Simons action (3.16) for any supergroup formulated in ∀D = 2n+ 1 [30][31][32] has
hidden global supersymmetry under (3.1b) realized non-linearly. This may well provide the
long-standing ‘missing link’ between the Chern-Simons theories of supergroup and Poincare´
supergravity with diffeomorphism [38], especially in the context of the superalgebra in M-
theory [31][32][37].
In our formulation, we found that the minimal field content for supersymmetric Born-
Infeld action is the NG -fermion and a vector field, both for Abelian and non-Abelian cases. If
we perform simple dimensional reduction from the starting dimensions D into one dimension
lower: D−1, then one component of the vector field becomes a scalar field, so that more and
more scalars are generated, if we go further down [9]. However, this is not the only scenario
we can think of, because in our formulation, at each dimension D we can formulate a
supersymmetric Born-Infeld action with the minimal set of fields, i.e., one NG -fermion and
a vector field, but no scalars or any other fields. This is also one of the distinctive features
of our formulation compared with other D-brane formulations [9][11].
Our result of extended supersymmetries on ∀N has other analogs. For example, similar
situations have been already presented for infinitely many local supersymmetries in D =
3 [51] or arbitrarily many global supersymmetries in D = 1 [52]. These so-called ℵ0 aspects
of supersymmetries have already shown up in many different contexts in the past, and now
we have explicit models at hand that elucidate such ‘universality’ more explicitly in ∀D.
We have also reformulated the component results in superspace, and in particular, con-
firmed the Bianchi identities for a second-rank superfield strength for a non-Abelian group
and a third-rank superfield strength, as explicit examples. We have seen that the components
Fαβ
I or Gαβγ are needed, and the special factor Pα
b ≡ i(γbλ)α is involved in a peculiar way,
as a generalization of those given in [12]. Our constraints have essentially off-shell structure,
namely the NG -fermion equations are not implied by the Bianchi identities, as opposed to
the usual on-shell superspace formulations in higher-dimensions, or constrained superfield
formulations in D = 4 [2][17]. Remarkably, these constraints are valid for ∀D and ∀N ,
which, to our knowledge, have not been emphasized in the literature.
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As another important result, we have presented an universal Green-Schwarz σ -model
super (2k − 1) -brane action [21][22] in D = 2k -dimensions that can accommodate even
curved superspace backgrounds, when we need to include supergravity, by introducing the
maximally antisymmetric potential superfield Ca1···a2k [22]. The requirement of satisfaction
of T -Bianchi identities for supergravity with Lorentz covariance restricts the dimensionality
D to be D = 2k (1 ≤ k ≤ 5).
This (2k−1) -brane formulation suggests the significance of the target space-time whose
dimensionality coincides with that of the world-supervolume. Motivated by this, we have
given a ‘simplified’ (Supersymmetry)2 -models as another by-product of our formulations,
in which linear and non-linear representations of supersymmetries coexist at the same time.
This is a simplified version of more general (Supersymmetry)2 -models, initiated in 2D
[23]. We have seen that the original ansatz of forming a vielbein in terms of NG -fermion
is directly generalized into superfields, and we have also given some explicit models with
the simultaneous realization of both linear and non-linear supersymmetries. In particular,
the second model has both of these supersymmetries explicit at the action level. In this
sense, our formulation is distinguished from others, such as refs. [17][18], in which non-linear
supersymmetry is regarded as spontaneous ‘breaking’ of linear supersymmetry.
We saw that neither the metric nor the vielbein field in our formulation is an elementary
field, but they are effectively composite in terms of the NG -fermion. From this viewpoint,
our theory is similar to the Bars and MacDowell theory [53] in which the metric tensor is not
an elementary field, but is a composite bilinear form of gravitino which is the fundamental
field. The main difference, though, is that the formulation in [53] contains a gravitino as a
gauge field for the local supersymmetry, while in our theory supersymmetry is global but is
realized non-linearly. Most of our actions in general space-time dimensions are only globally
supersymmetric in flat D dimensions, except the super (2k − 1) -brane actions which can
accommodate curved superspace backgrounds.
One might say that a possible drawback in our formulation is the loss of ‘uniqueness’ of
actions for particle physics. This is because there are essentially no restrictions on possible
invariant lagrangian by supersymmetry, as long as the general covariance δG is maintained in
terms of our ‘metric’ or ‘vielbein’ for ∀D and ∀N . However, we instead stress the importance
of ‘universality’ of supersymmetry more than ‘uniqueness’ of a particle theory. Our result
here opened a completely new avenue, i.e., supersymmetry does not necessarily restrict the
space-time dimensions for possible interacting models for physics. To our knowledge, the
significance of such universality has have been overlooked, or at least not emphasized during
the decades since the first work in [1].
One final point to be stressed is the co-existence of two sorts of space-times or even
superspaces simultaneously, which are not equivalent to each other: One with flat metric,
while the other with highly non-trivial vielbeins with general coordinate transformations.
We have seen this for component as well as superspace formulations. However, this is in a
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sense puzzling, because it is well-known in mathematics to be impossible to embed a ‘curved’
space-time into a ‘flat’ space-time of the same dimensionality. Our solution to this puzzle
is that the curved space-time is ‘non-perturbatively’ realized from the ‘flat’ space-time, by
adding up infinite series in terms of NG-fermions.
Moreover, the co-existence of two different superspaces is also related to the co-existence
of two sorts of supersymmetries, one in linear and the other in non-linear representations.
These aspects of non-linear supersymmetry may well be different manifestations of the in-
tricate feature of M-theory [15] for curved supergravity in D = 11 realized first as a global
supersymmetry in flat space-time, via a simple matrix theory [27].
We believe that the results given in this paper can provide a first step into the studies of
more general features of non-linear supersymmetries in ∀D and ∀N , motivated also by the
recent development of D-branes [10]. We have even seen that the non-linear supersymmetry
can co-exist with linear supersymmetry as simple (Supersymmetry)2 -model in superspace.
We have also seen that the non-linear realization as compared with the linear realization of
supersymmetry has more freedom for accommodating a much wider class of models.
We are grateful to J. Bagger, S.J. Gates, Jr., F. Gonzalez-Rey, M. Luty, M. Rocˇek,
J.H. Schwarz and W. Siegel for helpful discussions. Special acknowledgement is for
S.J. Gates, Jr. for many suggestions to improve the paper.
Note Added: After completing this paper, we have encountered a recent work by
P.C. West [54], in which superembedding [14] for non-linear realizations is performed by
enlarging the automorphism group of supersymmetry.
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